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Abstract
Based on a 33 mass matrix describing the mixing of the scalar states f0(1370), f0(1500)
and f0(1710), the hadronic decays of the three states are investigated. Taking into account
the two possible assumptions concerning the mass level order of the bare states jNi =
juu + d di=p2, jSi = jssi and jGi = jggi in the scalar sector, MG > MS > MN and
MG > MN > MS , the glueball-quarkonia content of the three states is obtained by solving
the unlinear equations. Some predictions about the hadronic and two-photon decays of the
three states in two cases are presented. It is pointed out that the predictions about the
two-photon decay width ratio for the three states can provide a stringent consistency check
of the two assumptions.
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The existence of glueball states made of gluons is one of the important predictions of QCD.
Discovery and conrmation of these glueball states would be the strong support to the QCD
theory. Therefore, the search for and identifying the glueball states have been a very excited and
attractive research subject. The abundance of qq mesons and the possible mixing of glueballs
and ordinary mesons make the current situation with the identication of the glueball states
rather complicated. However, some progress has been made in the glueball sector. By studying
the mixing between quarkonia and glueball to study the properties of glueballs or identify the
glueball states is an appealing approach [1{5].
In contrast to the vector and tensor mesons, the identication of the scalar mesons is a long
standing puzzle. In particular, the I = 0, JPC = 0++ sector is the most complex one both
experimentally and theoretically. The quark model predicts that there are two mesons with
I = 0 in the 3P0 qq nonet, but apart from the state fJ(1710) with J = 0 or ( and ) 2, four states
f0(400 − 1200), f0(980), f0(1370) and f0(1500) are listed by Particle Data Group (PDG) [6].
There are too many controversies about these states, especially relating to the f0(400−1200) and
f0(980). The convenient but not convincing recent tendency is to put aside the f0(400 − 1200)
and f0(980), and focus on f0(1370), f0(1500) and f0(1710) [7], although the spin-parity of the
fJ(1710) JPC = 0++ or ( and ) 2++ is controversial.
Recently, several authors have discussed the quarkonia-glueball content of the f0(1370),
f0(1500) and f0(1710) by studying the mixing of the three states [8{11]. The dierent assumption
about the mass level order of the bare states jGi = jggi, jSi = jssi and jNi = juu + d di=p2
leads to the dierent quantitative predictions about the glueball-quarkonia content of the three
states. In Ref. [9{11] MG > MS > MN is assumed and in Ref. [8] MS > MG > MN is assumed.
The assumption, MG > Mqq, is consistent with the prediction given by lattice QCD [12] that
the bare glueball state has a higher mass than the bare quarkonia states. However, without the
conrmation that the observed a0(980) and a0(1450), which is the isovector member in the 3P0
nonet, the level order of the MS and MN in the scalar sector perhaps still remains open. On one
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hand, if the a0(1450) is assigned as the isovector member in the 3P0 nonet, since the a0(1450)
with mass 1474  19 MeV [6] has a higher mass than the observed isodoublet scalar states
K0 (1430) with mass 1429  6 MeV [6], according to the Gell-Mann- Okubo mass formula [13]
one would expect MN > MS . On the other hand, if the a0(980) is assigned as the isovector
member, one would expect MS > MN , which is also consistent with that the strange quark s
has a higher mass than the non-strange quark u or d in a constituent quark picture. We believe
that neither MS > MN nor MN > MS seems to be ruled out in the scalar sector in the current
situation.
In this work, from the mixing scheme of the f0(1370), f0(1500) and f0(1710), we shall
discuss the glueball-quarkonia content of the three states taking into account the two possible
assumptions MG > MS > MN and MG > MN > MS1. This paper is organized as follows. In
Sect. II we give the mixing scheme of f0(1710), f0(15000) and f0(1370) as well as the two-body
hadronic decays of the f0(1500) and f0(1710) in the mixing scheme of three states. The results
for two cases MG > MS > MN and MG > MN > MS are presented in Sect. III. Our conclusion
is reached in Sect. IV.
II. Mixing scheme and the decays of the f0(1500) and f0(1710)
In the jGi = jggi, jSi = jssi, jNi = juu + d di=p2 basis, the mass matrix describing the










where f = hGjM jSi = hGjM jNi=p2 represents the flavor independent mixing strength between
the glueball and quarkonia states. MG, MS and MN represent the masses of the bare states
1Assuming MS = MN and taking M1 = 1.712 GeV, M2 = 1.5 GeV, when M3 changes from 1.2 to 1.5 GeV,
from Eqs. (2)∼(4), we find that MG > 0 requires MS = MN = 1.5 GeV, which leads to x2 = y2 = z2 = 0 in Eqs.
(5), (6). Therefore, the possibility of MS = MN can be ruled out.
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jGi, jSi and jNi, respectively. Here we assume that the physical states jf0(1710)i, jf0(1500)i
and jf0(1370)i are the eigenstates of M with the eigenvalues of M1, M2 and M3, respectively.
If one denes a 3  3 unitary matrix U which transforms the states jGi, jSi and jNi into the
physical states jf0(1710)i, jf0(1500)i and jf0(1370)i, then UMU−1 must be the diagonal matrix
with the diagonal elements M1, M2 and M3, from which one can get the following equations:
M1 + M2 + M3 = MG + MS + MN ; (2)
M1M2 + M1M3 + M2M3 = MGMS + MGMN + MNMS − 3f2; (3)
M1M2M3 = MGMSMN − f2(2MS + MN ): (4)
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with Ci(i=1, 2, 3) = [(Mi −MS)2(Mi −MN )2 + (Mi −MN )2f2 + 2(Mi −MS)2f2]−
1
2 .
In the above mixing scheme, for the hadronic decays of the f0(1370), f0(1500) and f0(1710),
neglecting the possible glueball component in the nal states, we consider the following three
coupling modes as shown in Fig. 1: the direct coupling of the quarkonia component of the
three states to the nal state pseudoscalar mesons, the coupling of the quarkonia component
of the three states to the nal state pseudoscalar mesons through two intermediate gluons, and
the direct coupling of the glueball component of the three states to the nal state mesons.
Performing an elementary SU(3) calculation [4, 14{18], we get the following equations:
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where  = (cos  −p2 sin )=p6,  = (sin  + p2 cos )=p6,  is the mixing angle of  and 0;
Pj (P 0j) ( j = ; ; 0; K ) is the momentum of the nal state meson j in the center of mass
system for the jj decays of the f0(1500) ( f0(1710) ); r1 (r2) represents the ratio of the eective


















(a): The direct coupling of the quarkonia component qq in the decaying particles to the final state pseu-
doscalar mesons PP . (b): The coupling of the quarkonia component qq in the decaying particles to the
final state pseudoscalar mesons PP through two gluons. (c): The direct coupling of the glueball component
G in the decaying particles to the final state pseudoscalar mesons PP .
III. The results for the cases MG > MS > MN and MG > MN > MS
The decay data relating to the f0(1500) are as follows [19,20]:
Γ(f0(1500) ! 0)=Γ(f0(1500) ! ) = 0:84  0:23;
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Γ(f0(1500) ! 00)=Γ(f0(1500) ! ) = 4:29  0:72;
Γ(f0(1500) ! K K)=Γ(f0(1500) ! ) = 0:19  0:07: (11)
The decay datum of the f0(1710) is [6]
Γ()=Γ(K K) = 0:39 0:14: (12)
Apart from M1 = 1:712 GeV and M2 = 1:5 GeV, the central value of the masses of the
f0(1710) and f0(1500), respectively [6], we take the central value of the decay data mentioned
above and  = −19:1 [21,22] as input. In this way seven parameters, MG, M3, MN , MS , f , r1
and r2 are unknown. We perform numerically to solve the unlinear equations (2)  (4); (7) 
(10) for the cases MG > MS > MN and MG > MN > MS , respectively. The two solutions are
presented in Table 1.
Table 1 The solutions to the Eqs. (2)  (4); (7)  (10) for the cases MG > MS > MN and
MG > MN > MS
Parameters MG > MS > MN MG > MN > MS
MG (GeV) 1.620 1.590
MS (GeV) 1.540 1.430
MN (GeV) 1.312 1.572
M3 (GeV) 1.260 1.380
f (GeV) 0.092 0.083
r1 −0:740 −0:050
r2 0.800 −0:800
Table 1 shows that in both cases, the masses of the pure glueball state jGi, MG = 1:620
GeV and mG = 1:590 GeV, are in agreement with the lattice QCD simulations which give
1:55  0:05 GeV [23] and 1:63  0:08 GeV [24, 12] for the scalar glueball mass, in addition, the
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mixing parameters f = 0:092 GeV and f = 0:083 GeV are also consistent with 0:056  0:037
GeV estimated by Lee and Weingarten [12].







The physical states jf0(1710)i, jf0(1500)i and jf0(1370)i can be read as
jf0(1710)i = 0:847jGi + 0:455jSi + 0:276jNi; (14)
jf0(1500)i = −0:383jGi + 0:885jSi − 0:266jNi; (15)
jf0(1370)i = 0:367jGi − 0:121jSi − 0:922jNi: (16)
Our results for the case MG > MS > MN are consistent with the results given by Ref. [9{11].
Based on Eqs. (14)(16), the following predictions can be given:
Γ(f1(1710) ! γγ) : Γ(f1(1500) ! γγ) : Γ(f1(1370) ! γγ) =
M31 (5z1 +
p
2y1)2 : M32 (5z2 +
p
2y2)2 : M33 (5z3 +
p
2y3)2 = 20:582 : 0:022 : 45:741; (17)
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= 0:030; (21)
where P 00j ( j = ; ; K ) is the momentum of the nal state meson j in the center of mass
system for the jj decays of the f0(1370). The theoretical results in the case MG > MS > MN
as well as the experimental data relating to the decays of the f0(1710), f0(1500) and f0(1370)
are given in the table 2.
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The physical states jf0(1710)i, jf0(1500)i and jf0(1370)i can be read as
jf0(1710)i = 0:748jGi + 0:220jSi + 0:626jNi; (23)
jf0(1500)i = −0:445jGi − 0:527jSi + 0:724jNi; (24)
jf0(1370)i = 0:493jGi − 0:816jSi − 0:301jNi: (25)
Based on Eqs. (23)(25), the prediction about the two-photon decay width ratio for the
three states is
Γ(f1(1710) ! γγ) : Γ(f1(1500) ! γγ) : Γ(f1(1370) ! γγ) = 59:388 : 27:908 : 18:564; (26)
and the other theoretical results as well as the experimental data relating to the decays of the
f0(1710), f0(1500) and f0(1370) are given in the table 3.
The dierence of Table 2 and 3 is rather small, therefore without other information, it is
dicult to judge which case, MN > MS or MS > MN , is really reasonable in the scalar sector.
Fortunately, the two-photon decay width ratio for the three states in two cases are obviously
dierent, which can provide a stringent consistency check of the two assumptions. In addition,
it is important to investigate the nature of the a0(1450) and a0(980), since the isovector scalar
state and the isodoublet scalar state K0 can set a natural mass scale of the ground scalar meson
nonet.
We also want to note that in both cases, a large mixing eect on the f0(1710), f0(1500) and
f0(1370) exists and the f0(1710) has a large glueball component, and that the quarkonia content
of the f0(1500) and f0(1370) diers due to the dierent mass level order of the bar states jNi
and jSi, which is consistent with the main property of the mass matrix (1) that upon mixing
the higher mass bare state becomes more massive, while the lower mass bare state becomes less
8
massive (i.e., the mass splitting between the higher and lower mass bare states increases as a
result of the mixing) [11].
Table 2 The theoretical results as well as the experimental data relating to the decays of the f0(1710),
f0(1500) and f0(1370) for the case MG > MS > MN
f0(1710) f0(1500) f0(1370)
Modes Exp. Theor. Modes Exp. Theor. Modes Exp. Theor.
Γ(pipi)
Γ(K K)










Γ(pipi) 0:19  0:07 0.150
Table 3 The theoretical results as well as the experimental data relating to the decays of the f0(1710),
f0(1500) and f0(1370) for the case MG > MN > MS
f0(1710) f0(1500) f0(1370)
Modes Exp. Theor. Modes Exp. Theor. Modes Exp. Theor.
Γ(pipi
Γ(K K)










Γ(pipi) 0:19  0:07 0.150
IV. Conclusion
From the mixing scheme of the f0(1710), f0(1500) and f0(1370), we investigate the hadronic
decays of the three states and determine the glueball-quarkonia content of the three states in two
cases MG < MS < MN and MG < MN < MS , respectively. Some predictions about the hadronic
and two-photon decays of the f0(1710), f0(1500) and f0(1370) in two cases are presented. We
also point out that the predictions about two-photon decay ratio for the three states can provide
9
a stringent consistency check of the two assumptions, and that the conrmation of the nature
about the a0(980) and a0(1450) would be useful to check the two assumptions.
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